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Abstract
We define an extended Cesàro operatorTg with holomorphic symbolg in the unit ballB of Cn.
For a large class of weightsw we characterize thoseg for which Tg is bounded (or compact) from
Bergman spaceLpa,w(B) toL
q
a,w(B), 0< p,q < ∞. In addition, we obtain some results about equ
alent norms, the norm of point evaluation functionals, and the interpolation sequences onLpa,w(B).
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let D be the unit disk in the complex planeC. For a holomorphic functionf (z) on D












With the result of Hardy [7] and M. Riesz’s theorem [5] we know thatC[ · ] is bounded
on Hp(D) for 1 < p < ∞. In [16] and [9] it is proved thatC[ · ] is bounded onHp(D)
for p = 1 and 0< p < 1, respectively, whereHp(D) is the Hardy space onD. A little
calculation shows thatC[f ](z) = 1
z
∫ z
0 f (t)(log(1/(1− t)))′ dt . Hence, on most holo
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ngemorphic function spaces,C[f ] is bounded if and only if the integral operatorf →∫ z
0 f (t)(log(1/(1− t)))′ dt is bounded. From this point of view it is natural to consid




f (t)g′(t) dt. (1)
In [10] Pommerenke provedTg is bounded onH 2(D) if and only if g is a BMOA function.
Aleman and Siskakis generalized this result to 1 p < ∞ in [2]. Recently, Aleman and
Cima obtained the solution for the problem: givenp,q ∈ (0,∞) characterize the symbolsg
for which Tg mapsHp(D) → Hq(D) boundedly. See [1]. In the Bergman space sett
for p  1 Xiao provedC[f ] is bounded onAp(ϕp(r)/(1− r)) with ϕ > 0 as in [18]. Ale-
man and Siskakis studiedTg on L
p
a (w) with a large class of other weightsw. Restricting
themselves top  1 they obtained a necessary and sufficient condition ong for which Tg
is bounded onLpa (w) in [3].
The purpose of this paper is to define the extended Cesàro operator on the unitB
of Cn and to characterize those holomorphic symbols for which the induced opera
bounded (or compact) frompth Bergman space toq th Bergman space.
For later use we need some more notation. We denote byH(B) the class of all holo-
morphic functions on the unit ballB of Cn. Forg ∈ H(B) let g(z) =∑nj=1 zj (∂g/∂zj )
be the radial derivative.







, f ∈ H(B), z ∈ B. (2)
It is clear that whenn = 1, (2) is just (1).
As in [3], a positive Lebesgue integral functionw on the interval[0,1) is called norma




w(t) dt  C1(1− r)w(r) and
(P2) w(r)  C2w(sr + 1− s).
If w is normal we extend it toB by w(z) = w(|z|). For 0< p < ∞ the weighted Bergma




∣∣f (z)∣∣pw(z) dm(z) < +∞.
In what followsC,C1,C2 will stand for positive constants whose value may cha
from line to line. The expressionA  B meansC1A  B  C2A.











ns toThis paper is organized as follows. In Section 2 we will develop some properties
normal weight, which will be used in the proof of the main results. There are two kin
normal weights relative to the study of weighted Bergman space theory. One is as in [
and the other is defined with conditions(P1) and(P2) as in [3] and here. It is obvious th
the weights in [14,18] are normal in the present sense. The results in Section 2 w
enable us to see these two kinds of weights are actually the same in the sense they
the samepth Bergman space (and equivalent norms). In Section 3, we consider the e
lent characterizations, the point evaluation functionals, and the interpolation sequen
L
p
a,w(B). We generalize some results from [3,4,8,11,14,18,19]. The last section, Sec
contains the main theorems of the paper, where we will find a sufficient and nec
condition ong ∈ H(B) for which Tg is bounded (respectively compact) fromLpa,w(B) to
L
q
a,w(B) for all possible 0< p,q < ∞. Our results will generalize [3,14,18].
Before ending this section we give three examples of the normal weight functio
illustrate how complex these functions can be.
Example 1. w(r) = (1− r2)α , α > −1.
Example 2. w(r) = (log log(e/(1− r)))α , whereα > 0 (see [3]).
Example 3. Takew(r) to be Lebesgue integrable on[0,1/2) andw(r)  1. Form  1,
definew(r) on [1− 1/2m,1− 1/2m+1) by w(r) = w(2(r − 1/2)) inductively.
2. Some results about normal weights






Given two weight functionsw1 andw2, we say they are equivalent if forp > 0 there exist
constantsC1 andC2 such that
C1‖f ‖p,w1  ‖f ‖p,w2  C2‖f ‖p,w1
for all f ∈ H(B).
Proposition 1. Given a normal weightw we have the following:










438 Z. Hu / J. Math. Anal. Appl. 296 (2004) 435–454(iii) w∗(r) is normal.
(iv) w∗(r) is equivalent tow(z) if |z| = r.
Proof. (i) It is trivial that
1− r2  1− r1  C(1− r2).






















w(t) dt  Cw∗(r1).























This givesw∗(r2)  Cw∗(r1).



















w(t) dt + C inf
u∈[r,ρ(r)]w(u)(1− u)
 w∗(r)(1− r) + C
ρ(r)∫
r
w(t) dt = Cw∗(r)(1− r).
It gives one direction of (4). The other direction comes from (3),









(iii) It is a direct consequence of (3) and (4).
(iv) For a non-negative integerk, denoteρ0 = 0, ρk = ρ(ρk−1). Then limk→∞ ρk = 1.
For f ∈ H(B), by the monotonicity of the meanMp(f, r) = {
∫
∂B
|f (rζ )|p dσ(ζ )}1/p
and (i),

















































∗(r)r2n−1 dr  C‖f ‖pp,w∗ .
The other inequality‖f ‖pp,w∗  C‖f ‖pp,w comes from (5). The proof is completed.
Remark 1. The functionw∗(r) is continuous. We can construct infinitely many differe
tiable functionsφ(r) such thatC1  φ(r)/w ∗ (r)  C2. φ(r) is obviously normal and
equivalent tow(r). To produceφ(r) we letψ(r) be the step function on[0,1) such that
ψ(r) = ρk if r ∈ [ρk,ρk+1), k = 0,1,2, . . . .
From (3) we knowC1  ψ(r)/w ∗ (r)  C2. Now φ(r) can be easily constructed by a
justingψ(r) near each pointρk .





(ii) For some constants−1 < a < b,
ϕ(r)
(1− r)a ↓ 0,
ϕ(r)
(1− r)b ↑ ∞ asr → 1
−. (6)












∗(r)(1− r) + (1+ k) ∫ 1r w∗(t) dt
2+k . (7)(1− r) (1− r)




of ofFrom (4) again we have somek > −1 such that the right-hand side of (7) is negative. T
a = (k − 1)/2 will give ϕ(r)/(1− r)a ↓ 0. Similarly, choose somek > −1 such that the
right-hand side of (7) is positive. Then anyb > k will give ϕ(r)/(1− r)b ↑ ∞. 
Remark 2. Propositions 1 and 2 show that the two kinds of normality mentioned in
tion 1 are the same, in the sense that they induce the samepth Bergman space wit
equivalent norms.
3. Some properties of the space Lpa,w(B)
In this section we exhibit some properties which will not only be used in the pro
the main results but also have their own interest.
3.1. The equivalent norms onLpa,w(B)








Form = 1,2, . . . , write mf (z) = (m−1f (z)), |gradm f (z)| =
∑
|α|=m |∂αf /∂zα|.























(1− r)pδ−1hp(r)ϕ(r) dr. (8)





































The lemma is proved. 




∣∣gradj f (0)∣∣p +
∫
B
∣∣mf (z)∣∣p(1− |z|2)mpw(z) dm(z). (9)
Proof. First we prove
‖f ‖pp,w 
∣∣f (0)∣∣p + ∫
B
∣∣f (z)∣∣p(1− |z|2)pw(z) dm(z). (10)
Forp > 0 fixed, it is obvious that∣∣f (0)∣∣p  C‖f ‖pp,w, f ∈ H(B).
From [5, p. 80] and [12, p. 14] we have(
1− r2)pMpp (f, r)  CMpp (f,ρ(r)).
Notice(1− r2)pw(r) is also a normal weight, and[(
1− r2)pw(r)]∗  (1− r2)pw∗(r). (11)
Applying Proposition 1,∫
B










































∗(r)r2n−1 dr  C‖f ‖pp,w.
0
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porarily and prove
‖f ‖pp,w  C
∫
B
|f |p(z)(1− |z|2)pw(z) dm(z). (12)
If 0 < p < 1, Proposition 1 and [13, Theorem 1] yields




















p (f, t) dt
1∫
t






























































|f |p(z)(1− |z|2)pw∗(z) dm(z).
This gives (12). For 1 p < ∞, applying Lemma 1 and [13, Theorem 1] again




















p (f, r)(1− r)pw∗(r) dr,
which gives (12) as well. Now for generalf (z),
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is‖f ‖p,w  C






|f |p(z)(1− |z|2)pw(z) dm(z)}1/p}.
For m  1, similar to (11), (1 − r)pkw(r) is normal and[(1 − r)pkw(r)]∗ 
(1 − r)pkw∗(r). Therefore, by induction, we have (9) from (10). The theorem
proved. 




∣∣gradj f (0)∣∣p +
∫
B
∣∣gradm f (z)∣∣p(1− |z|2)mpw(z) dm(z).
3.2. The point evaluation functional onLpa,w(B)
Let β(· , ·) denote the Bergman metric onB. The Bergman ballE(z, r) with center
z ∈ B and radiusr > 0 is defined asE(z, r) = {ζ ∈ B: β(ζ, z) < r}. It is well known that∣∣E(z, r)∣∣ r2n(1− |z|2)n+1, 1− |ζ |  1− |z| for ζ ∈ E(z, r). (13)
For r > 0 fixed, by Proposition 1 there is some constantC(r) such that forz ∈ B and







Theorem 2. The point evaluation functionalΛz onL
p
a,w(B) defined by
Λz(f ) = f (z), f ∈ Lpa,w(B)
is bounded with the norm estimate
‖Λz‖  1[w∗(z)(1− |z|2)n+1]1/p .
Proof. Givenz ∈ B, by the plurisubharmonicity of| (z)|p and (14) we have
|f (z)|p  C 1|E(z,1)|
∫
E(z,1)




∣∣f (ζ )∣∣pw∗(ζ ) dm(ζ ). (15)
Then (13) gives
‖Λz‖  C 1∗ 2 n+1 1/p . (16)[w (z)(1− |z| ) ]
444 Z. Hu / J. Math. Anal. Appl. 296 (2004) 435–454
the
t








fζ (ζ ) = 1[w∗(ζ )(1− |ζ |2)n+1]1/p . (18)
We claim ‖fζ ‖p,w  C, and this together with (16) and (18) will end the proof of
theorem. In fact, applying [15, Lemma 6],









|1− 〈rz, ζ 〉|n+1+β dσ(z) dr






(1− r|ζ |)1+β dr










(1− r|ζ |)1+β dr


















 C.  (19)
3.3. The interpolation sequence inLpa,w(B)
Lemma 2. Supposeβ > b is in Proposition2. Then for anyε > 0 there is some constan
K such that for any sequence{ζj } ⊆ B,
inf
{






(1− |ζj |2)n+1w∗(ζj )
|1− 〈ζj , ζk〉|n+1+β < ε
w∗(ζk)
(1− |ζk|2)β (20)
for k = 1,2, . . . .
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.26]
e






|1− 〈ζ, z〉|n+1+β dm(ζ ) < ε
w∗(z)
(1− |z|2)β . (21)







|1− 〈ζ, z〉|n+1+β dm(ζ ) < ε
(1− |z|2)c
(1− |z|2)β






















































Now, if K is large enough,
∞∑
j=1, j =k
(1− |ζj |2)n+1w∗(ζj )











|1− 〈ζ, ζk〉|n+1+β dm(ζ )
j=1, j =k









|1− 〈ζ, ζk〉|n+1+β dm(ζ )
< ε
w∗(ζk)
(1− |ζk|2)β . (22)
The estimate (20) is proved.




β(zj , zk): j, k = 1,2, . . . , j = k
}
> K, (23)







w∗(zj )  1
we have somef ∈ Lpa,w(B) such that‖f ‖p,w  C andf (zj ) = wj .
Proof. The theorem is a generalization of [11, Theorem, p. 231]. And the proof is a
the same line as that in [11]. Given a sequence{zj } satisfying (23), define the operatorT
from Lpa,w(B) to lp by
Tf = {f (zj )[(1− |zj |2)n+1w∗(zj )]1/p}∞j=1, f ∈ Lpa,w(B).




w∗(zj )(1− 〈z, zj 〉)n+1+β
}1/p
.
If K is large enough, then the operatorR1 from lp to L
p
a,w(B) defined byR1({λj }) =∑∞
j=1 λjfzj (z) is bounded and the operatorT R1 is invertible. Obviously, this assertio
will give the conclusion of the theorem. ThatR1 is bounded andT R1 is invertible can be
proved in two cases 0< p  1 and 1< p < ∞ as in [11]. The key point in the prese
setting is to apply Lemma 2, and in [11] the corresponding lemmais Lemma 3.1 (a little
attention should be paid to that the factorB−1−rij in the left-hand side of (3.3) there shou
be read asB−1−rjj ). The detail is omitted here.
Applying Theorem 3 we have the following theorem.
Theorem 4. Letµ be a positive Borel measure onB,
µ̂(z) = µ(E(z,1))
w∗(z)(1− |z|2)n+1 .
Let 0 < q  p < ∞. Then a necessary and sufficient condition for there to exist a con
G such that






∣∣f (z)∣∣q dµ(z)}1/q  G{∫
B
∣∣f (z)∣∣pw∗(z) dm(z)}1/p (24)
for all f ∈ Lpa,w(B) is that∫
B
µ̂(z)sw∗(z) dm(z) < ∞, (25)





Proof. Whenw ≡ 1 the assertion (25) is just the main result of [8]. Taking normal wei
into account, the proof of (25) uses the same approach with the modification that the
on [8, p. 128] should be replaced by the following lemma, Lemma 3. And the proof o
Lemma 3 can also be carried out as that in [8]. The estimate (26) does not appear ex
in [8]. A careful check of the constantC in (3.4) there will give (26). 
Lemma 3. There exists some constantA depending only onq and K such that if{zj }





















wheres is as in Theorem4.
4. Main theorems
Following [17], a functionf ∈ H(B) is called a Bloch function if
‖f ‖B = sup
{∣∣f (z)∣∣(1− |z|2): z ∈ B}< ∞;
andf is called a little Bloch function if
lim|z|→1
∣∣f (z)∣∣(1− |z|2)= 0.
The set of all Bloch and little Bloch functions will be denoted asB andB0, respectively.
Theorem 5. Letp,q > 0. Then




a,w(B) if and only ifg ∈ Lka,w(B), where
1/k = 1/q − 1/p.
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a,w(B) if and only ifg ∈ B.









where1/k = 1/p − 1/q .








‖g − g(0)‖k,w, for p > q,





, for p < q.
(28)
Proof. First we prove the sufficiency.
(i) Let 0 < q < p < ∞, 1/k = 1/q − 1/p, f ∈ Lpa,w(B), andg ∈ Lka,w(B). Then by
Theorem 1 and Hölder’s inequality,
‖Tg(f )‖qq  C
∫
B

















(ii) Let 0 < p < ∞, f ∈ Lpa,w(B), andg be a Bloch function. Then
∥∥Tg(f )∥∥pp  C
∫
B
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ppose
r-∥∥Tg(f )∥∥qq  C
∫
B























The sufficiency and one direction of (28) are proved. To prove the necessity we su
0 < p,q < ∞, andTg is bounded fromLpa,w(B) to Lqa,w(B).
(i) If p < q , we takefζ as in (17) for eachζ ∈ B. Proposition 1 and the plurisubha
monicity imply
‖Tgfζ ‖qq,w  C
∫
E(ζ,1)
∣∣fζ (u)∣∣q ∣∣g(u)∣∣q(1− |u|2)qw∗(u) dm(u)
 C
∣∣fζ (ζ )∣∣q ∣∣g(ζ )∣∣q(1− |ζ |2)q+(n+1)w∗(ζ )
= C











(ii) If p = q , as above we have
‖Tgfζ ‖pp,w  C
∣∣fζ (ζ )∣∣p∣∣g(ζ )∣∣p(1− |ζ |2)p+(n+1)w∗(ζ )
= C[∣∣g(ζ )∣∣(1− |ζ |2)]p.
This implies‖g‖B  C‖Tg‖.
(iii) If p > q , by Theorem 1 we know{∫
B
∣∣f (u)∣∣q ∣∣g(u)∣∣q(1− |u|2)qw∗(u) dm(u)}1/q  C‖f ‖p,w
for all f ∈ Lpa,w(B). Theorem 4 tells us there is some constant C such that{∫ [∣∣g(u)∣∣(1− |u|2)](pq)/(p−q)w∗(u) dm(u)}1/q−1/p  C‖Tg‖.B
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n itThusg ∈ Lka,w(B) and∥∥g − g(0)∥∥
k,w
 C‖Tg‖.
The proof of Theorem 5 is completed.
Fork > 0, let
Xk,0 =
{







Define the metric onXk,0/C by
d(f,h) = sup
z∈B




ThenXk,0/C is a Banach space.
Lemma 4. If Xk,0 is non-trivial, that isXk,0 contains some non-constant function, the
contains all polynomials. Furthermore, polynomials are dense inXk,0.
Proof. Supposef ∈ Xk,0 is non-constant. ThenM∞(f, r) = max|z|=r |f (z)| is strictly





Now for any polynomialh(z), h(z) is bounded onB. By (29), we knowh ∈ Xk,0.
































We can fixt sufficiently near 1 such that
max
|z|η






Now by (30)–(32) we haved(f,ft ) < 3ε. That there exists some polynomialh(z) such
thatd(ft , h) < ε is trivial. Therefore, polynomials are dense inXk,0. 




Theorem 6. Letp,q > 0.




a,w(B) if and only ifg ∈ Lka,w(B), where
1/k = 1/q − 1/p.
(B) Tg is compact onL
p
a,w(B) if and only ifg ∈ B0.




a,w(B) if and only if g ∈ Xk,0, where
1/k = 1/p − 1/q .
Proof. We prove the sufficiency first. Supposeg is non-constant, otherwise there is noth
to prove.
(i) If 0 < p < q < ∞, then Lemma 4 tells us thatg can be approximated by polynomia
with the metricd(· , ·). By Theorem 5, to proveTg is compact we need only prove th
operatorTP with polynomial symbolP is compact. Notice thatTP is the product of the
bounded operatorMP from Lpa,w(B) to Lpa,w(B) defined by
MP (f )(z) = f (z)P(z)
and the operatorT defined by
T (f )(z) =
1∫
0
f (tz) − f (0)
t
dt, f ∈ H(B).
Hence it suffices to proveT is compact fromLpa,w(B) to L
q
a,w(B).
Now, given any sequence{fm} in Lpa,w(B) satisfying
‖fm‖p,w  1, fm(z) → 0 (33)
uniformly on compact subsets ofB, we are going to prove
lim
m→∞
∥∥T (fm)∥∥q,w = 0. (34)












∣∣fm(z) − fm(0)∣∣q(1− |z|2)qw∗(z) dm(z)
 C
{∫ ∣∣fm(z)∣∣q(1− |z|2)qw∗(z) dm(z) + ∣∣f (0)∣∣q
}
B



































∣∣fm(z)∣∣p + εq/k + ∣∣f (0)∣∣q}.
From this and (33) we obtain (34). This impliesT is compact fromLpa,w(B) to L
q
a,w(B).
(ii) If p = q , we also need prove (34) because any little Bloch functiong can be ap-
proximated by polynomials in the Bloch norm‖ · ‖B (see [17]). Then, as above,∥∥T (fm)∥∥pq,w  C
∫
B







]∣∣fm(z)∣∣p(1− |z|2)pw∗(z) dm(z) + ∣∣f (0)∣∣p
}
.
From this (34) follows.




























∣∣fm(z)∣∣q + (1− t2)q + ∣∣fm(0)∣∣q},
hereC is independent oft ∈ [0,1). From this we obtain (34).
To prove the necessity, we need only consider the case 0< p  q < ∞. Forζ ∈ B take
fζ (z) as (17). As 0< p < q < ∞, the compactness ofTg gives{∣∣g(ζ )∣∣[ (1− |ζ |2)k−(n+1)∗
]1/k}q
w (ζ )


























[∣∣fζ (z)g(z)∣∣]q(1− |z|2)qw∗(z) dm(z)
 CTg(fζ ) → 0
as |ζ | → 1. For the casep = q , the proof is similar, and so is omitted here. The proo
completed. 
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